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Abstract 

Under the hypotheses of smoothness in the couphng constant, lo- 
cahty, Lorentz covariance, and Poincare invariance of the deforma- 
tions, combined with the preservation of the number of derivatives on 
each field, the consistent interactions between a single free massless 
tensor gauge field with the mixed symmetry of a two-column Young 
diagram of the type (3,1) and one Abelian vector field have been in- 
vestigated. The computations are done with the help of the deforma- 
tion theory based on a cohomological approach, in the context of the 
antifield-BRST formalism. The main result is that there exist nontriv- 
ial cross-couplings between these types of fields in five spatiotemporal 
dimensions, which break the PT invariance and allow for the defor- 
mation of the gauge transformations of the vector field, but not of the 
gauge algebra. 
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1 Introduction 



Tensor fields in "exotic" representations of tlie Lorentz group, cliaracterized 
by a mixed Young symmetry type [H [21 [3], HI [5], El [7], field the attention 
fatefy on some important issues, like the dual formufation of field theories 
of spin two or higher [HI E], [ini [HI US UHl HI], the impossibility of con- 
sistent cross-interactions in the dual formulation of linearized gravity [T5], 
or a Lagrangian first-order approach [161 [U] to some classes of massless 
or partially massive mixed symmetry type tensor gauge fields, suggestively 
resembling to the tetrad formalism of General Relativity. An important 
matter related to mixed symmetry type tensor fields is the study of their 
consistent interactions, among themselves as well as with higher-spin gauge 
theories [T8l[l9l[20l[2Tl[22l[23l[2ll[25l[26]. The most efficient approach 
to this problem is the cohomological one, based on the deformation of the 
solution to the master equation [27]. The purpose of this paper is to in- 
vestigate the consistent interactions between a single free massless tensor 
gauge field txfj,u\a with the mixed symmetry of a two-column Young diagram 
of the type (3, 1) and one Abelian vector field A^. It is worth mentioning 
the duality of the free massless tensor gauge field tx^u\a to the Pauli-Fierz 
theory in D = 6 dimensions and, in this respect, the recent developments 
concerning the dual formulations of linearized gravity from the perspective 
of M-theory [2Sl [30]- Our analysis relies on the deformation of the solu- 
tion to the master equation by means of cohomological techniques with the 
help of the local BRST cohomology, whose component in the (3, 1) sector 
has been reported in detail in [31]. Under the hypotheses of smoothness in 
the coupling constant, locality, Lorentz covariance, and Poincare invariance 
of the deformations, combined with the preservation of the number of deriva- 
tives on each field, we prove that there exists where the deformation 
of the solution to the master equation provides nontrivial cross-couplings. 
This case corresponds to a five-dimensional space-time and is described by a 
deformed solution that stops at order two in the coupling constant. The in- 
teracting Lagrangian action contains only mixing-component terms of order 
one and two in the coupling constant. At the level of the gauge transforma- 
tions, only those of the vector fields are modified at order one in the coupling 
constant with a term linear in the antisymmetrized first-order derivatives of 
some gauge parameters from the (3, 1) sector such that the gauge algebra and 
the reducibility structure of the coupled model are not modified during the 
deformation procedure, being the same like in the case of the starting free 
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action. It is interesting to note that if we require the PT invariance of the 
deformed theory, then no interactions occur. Although it is not possible to 
construct interactions that deform the gauge algebra, our result is interesting 
since this seems to be the first case where mixed symmetry type tensor fields 
allow nontrivial cross-couplings. 

2 Free model. BRST symmetry 

We begin with the Lagrangian action 

+3 {d,tn {d%,) - \f,,F^''^ ^ Si + [A,] , (1) 

in D > 5 spatiotemporal dimensions. The massless tensor field tx^u\a has 
the mixed symmetry (3, 1) and hence transforms according to an irreducible 
representation of GL(Z},M) corresponding to a 4-cell Young diagram with 
two columns and three rows. It is thus completely antisymmetric in its first 
three indices and satisfies the identity t[Xfiu\a] = 0. The field strength of the 
vector field is defined in the standard manner by 

Ff,u = d^A, - d,A^ = A . (2) 

Everywhere in this paper it is understood that the notation [A ■ ■ ■ a] signifies 
complete antisymmetry with respect to the (Lorentz) indices between brack- 
ets, with the conventions that the minimum number of terms is always used 
and the result is never divided by the number of terms. The trace of tA/ivia 
is defined by tx^ = (y^°'t\fj_y\a and it is obviously an antisymmetric tensor. 
Everywhere in this paper we employ the flat Minkowski metric of 'mostly 
plus' signature a^^ = a^v = (— , + + + + ■■■)• 

A generating set of gauge transformations for the action ([1]) can be taken 
of the form 

6,A^ = 9^e, (4) 
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where the gauge parameters tx^u determine a completely antisymmetric ten- 
sor, the other set of gauge parameters displays the mixed symmetry (2, 1), 
such that they are antisymmetric in the first two indices and satisfy the iden- 
tity Xl^J.u\a] = 0, and the gauge parameter e is a scalar. The generating set of 
gauge transformations ©-(jl]) is off-shell, second-stage reducible, the accom- 
panying gauge algebra being obviously Abelian. More precisely, the gauge 
transformations Q are off-shell, second-stage reducible. This is because: 1. 
1. If in ([3]) we make the transformations 

XH<^ Xjl^'i? = ^[mV'H" + 2<9a^^/.i. - <9[^t^i.]a, (6) 

with uj^a antisymmetric and ipua symmetric (but otherwise arbitrary), then 
the gauge variation of the tensor field identically vanishes 5g(<^,v),x("''^)^A/^i/|o = 
0. 2. If in ([5])-([6]) we perform the changes 

ujua ^ 4'cl = di,e,^, (7) 

^ua ^ C^ = -39(^^,), (8) 

with 6,^ an arbitrary vector field, where {fiu ■ ■ ■ ) signifies symmetrization with 
respect to the indices between parentheses without normalization factors, 

then the transformed gauge parameters (l5])-(l6l) identically vanish eliua ' = 

0, Y I =0. 3. There is no non-vanishing local transformation of 

that simultaneously annihilates ooi^a and ipi^a of the form ([7j)-([H]) and hence 
no further local reducibility identity. 

The field equations associated with action ([1]) are 

E : = -T^mH" ~ 0, ^= d.F"'' ^ 0, (9) 

where (minus) the Euler-Lagrange derivatives T'*"^'^^" have the form 

[Of, {dpt^"'^p\'^ - dH""^^) - . (10) 

The notation ?a means here the weak equality symbol. The tensor T^'^'^l" has 
the same properties like the field t-^'^^'l", being antisymmetric in its first three 
indices and satisfying the identity T^-^^'^^"^ = 0. Its trace 

T^^ = (T^^T^^'^I" = {4-D) [nt^" + dp {d^H^'^P - dj^pp^"")) , (11) 
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is an antisymmetric tensor. 

The most general quantities invariant under the gauge transformations 
©-(ll]) are functions of the curvature tensor 

of the field strength ([2]) as well as of their spatiotemporal derivatives of all 
orders. The curvature tensor exhibits the mixed symmetry (4,2), such that 
it is separately antisymmetric in its first four indices and respectively in the 
last two ones and fulfills the (algebraic) Bianchi I identity K^^^^^^\°'^P = 0. 
Meanwhile, the curvature tensor obeys two types of (differential) Bianchi II 
identities 

g[K XlJ,u(]\a/3 ^ ^A/xi/^| [a/3,7] ^ ^3^3^ 

where we made the notation K^^'^^^"'^'"' = d'~^ K^^'^^^"^ . Its traces are defined 
through 

-9° (6>/3t^^^l^-9l^t^^l) , (14) 

K^^" = a^aK^^"^'' = 2 (Dt^^ + dp {d^^t^'^P - dJ^^'P^'')) , (15) 

with K^^'^^" having the same mixed symmetry like the original tensor field 
t\pu\a and K''^'^ being antisymmetric. 

It is interesting to note that if T^t^'^^^ is a covariant tensor field with the 
mixed symmetry (3, 1), which simultaneously satisfies the equations 

Qj.\^v\a ^ daf^P''^'' = 0, (16) 

then there exists a tensor with the mixed symmetry of the curvature 

tensor, such that 

fXiiu\a ^ d^dp^^'"'^^"''^ . (17) 

(A constant solution C^^'^^°' is excluded from covariance arguments due to 
the mixed symmetry (3, 1).) 

The construction of the antifield-BRST symmetry for this free theory de- 
buts with the identification of the algebra on which the BRST differential 
s acts. The generators of the BRST algebra are of two kinds: fields/ghosts 
and antifields. The ghost spectrum for the model under study comprises 
the fermionic ghosts {rixpu,Gfj.u\a,v} associated with the gauge parameters 
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{^\tiiy,XiJ.u\a,(^} from ©-(H]), the bosonic ghosts for ghosts {Cf^^Xua} due 
to the first-stage reducibihty parameters {uj^u.ipua} in (E])^®, and also the 
fermionic ghost for ghost for ghost Cy corresponding to the second-stage 
reducibility parameter in ©-([H]). In order to make compatible the behav- 
ior of the gauge and reducibihty parameters with that of the accompanying 
ghosts, we ask that ?7a^;/ and C^i, are completely antisymmetric, Q^u\a obeys 
the analogue of the properties fulfilled by the gauge parameters x^lu\a) and 
C^a is symmetric. The antifield spectrum is organized into the antifields 
|^*A/ii/|a^ J^*^^^ Qf i^j^g original tensor fields, together with those of the ghosts, 

{r/*^^^^*^'^l",r/*}, {C*'^'^,C*''"}, and respectively C*" , of statistics opposite 
to that of the associated fields/ghosts. It is understood that t*^^^'^\°' exhibits 
the same mixed-symmetry properties like t\^^p\a and similarly with respect to 
^*A/ii/^ g*^lv\a^ and 0*''°'. For subsequent purpose, we denote the trace 

of by t*^^, being understood that it is antisymmetric. 

Since both the gauge generators and reducibility functions for this model 
are field-independent, it follows that the BRST differential s simply reduces 
to 

s = 5 + j, (18) 

where S represents the Koszul-Tate differential, graded by the antighost num- 
ber agh (agh ((5) = —1) and 7 stands for the exterior derivative along the 
gauge orbits, whose degree is named pure ghost number pgh (pgh (7) = 1). 
These two degrees do not interfere (agh (7) = 0, pgh (5) = 0). The overall 
degree that grades the BRST complex is known as the ghost number (gh) 
and is defined like the difference between the pure ghost number and the 
antighost number, such that gh (s) = gh (5) = gh (7) = 1. According to 
the standard rules of the BRST method, the corresponding degrees of the 
generators from the BRST complex are valued like 

pgh {tx^u\a) = = pgh (Af,) , pgh {r]x^„y) = pgh {G^,u\a) = Pgh (v) = 1, 

pgh (C,,) = 2 = pgh (O , pgh (a) = 3, pgh = pgh iA*n = 0, 

pgh [t]*^'^") = pgh (6;*^^!°) = pgh [r]*) = 0, 

pgh {c*n = pgh {c*n = pgh ic*n = o, 

agh {tx^^u\a) = agh (A^) = 0, agh {r]x^u) = agh {Gf,u\a) = agh (77) = 0, 
agh (C^,) = agh (C«) = agh (a) = 0, agh (t*^'^'^!") = 1 = agh (A*'^) , 
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agh [r]*^"") = agh = agh [r]*) = 2, 

agh [C*^"") = 3 = agh (C*'^") , agh (C*^) = 4. 

Actually, (|T8l) is a decomposition of the BRST differential according to the 
antighost number and it shows that s contains only components of antighost 
number equal to minus one and zero. The Koszul-Tate differential is imposed 
to realize a homological resolution of the algebra of smooth functions defined 
on the stationary surface of field equations and the exterior longitudinal 
derivative is related to the gauge symmetries of the action ([1]) through 

its cohomology at pure ghost number zero computed in the cohomology of 
6, which is required to be the algebra of physical observables for the free 
model under consideration. The actions of S and 7 on the generators from 
the BRST complex, which enforce all the above mentioned properties, are 
given by 

itx^^uia = -^dixVf.ua] + 45[a'7H" + ^[A^HI"' 7^/^ = ^f^V, (19) 

1 

IVxt^u = --d[xCf,^], 7r/ = 0, (20) 

iGfiula = '2d[^C^a] — '^d[^C,y]a + d[^C ^]a, (21) 

lC^, = d[^C,], = -39(,C,), 7a = 0, (22) 

^fX^^u\a ^ _ ^^*x^u ^ ^g*H» = = 0, (23) 

^C*"" = -iC*"" = ^C*" = 0, (24) 

Stxf,u\a = SAf, = 6i]Xf,u = Sg^^ia = 6r] = 0, (25) 

5C^, = 6C,a = SC, = 0, (26) 

= j^xt^uia^ _ -d^F""^', 67]*^^" = -idj*^'"'^", (27) 

gg*f^u\a ^ _ ft^va\x^^ ^ ^ -d^A*", (28) 

50*^"" = 3dx (^g*>"'\^ - ^r/*^^^^ , SC*"" = d^g*''^''^''\ (29) 

SC*" = 6d^ (^C*'"" - ^0*^""^ , (30) 

where T^'^'^l" is given in (ITO!) . By convention, we take 6 and 7 to act like right 
derivations. We note that the action of the Koszul-Tate differential on the 



7 



antifields with the antighost numbers equal to two and three gains a simpler 
expression if we perform the changes of variables 



1 1 

Qr*fiu\\a Q*iJ.u\a _j_ _^*^ua Qi*ua Q*ua _^*ua (31) 

where g'*^^'^\\'^ is still antisymmetric in its first two indices (but no longer 
fulfils the identity = 0) and C'*""' has no definite symmetry or anti- 

symmetry properties. With the help of (127 1) -( l30l) . we find that 5 acts on the 
transformed antifields through the relations 

The same observation is valid with respect to 7 if we make the changes 

in terms of which we can write 

ltx^,u\a = -^dixQ'f,^iia]+d[xg'^^]\\^, lQ'^^\\^ = d[^C'^]^, ^Cl^ = -Gd^Co,. (34) 

Again, is antisymmetric in its first two indices, but does not satisfy the 

identity G[^,yiia] = 0' "while has no definite symmetry or antisymmetry. 
We have deliberately chosen the same notations for the transformed vari- 
ables fl3Tl) and (|33|1 since they actually form pairs that are conjugated in the 
antibracket. 

The Lagrangian BRST differential admits a canonical action in a structure 
named antibracket and defined by decreeing the fields/ghosts conjugated with 
the corresponding antifields, s- = {-,3), where (, ) signifies the antibracket 
and S denotes the canonical generator of the BRST symmetry. It is a bosonic 
functional of ghost number zero (involving both field/ghost and antifield 
spectra) that obeys the master equation 

{S, S) = 0. (35) 

The master equation is equivalent with the second-order nilpotency of s, 
where its solution S encodes the entire gauge structure of the associated 
theory. Taking into account the formulas (IT^ - (15ni) as well as the standard 
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actions of S and 7 in canonical form we find that the complete solution to 
the master equation for the free model under study is given by 

+C*^''d[, C,] - 3C*^"9(, C„) + A*^d,ri] , (36) 

such that it contains pieces with the antighost number ranging from zero to 
three. 



3 Brief review of the deformation procedure 

There are three main types of consistent interactions that can be added to 
a given gauge theory: The first type deforms only the Lagrangian action, 
but not its gauge transformations. The second kind modifies both the action 
and its transformations, but not the gauge algebra. The third, and certainly 
most interesting category, changes everything, namely, the action, its gauge 
symmetries, and the accompanying algebra. 

The reformulation of the problem of consistent deformations of a given ac- 
tion and of its gauge symmetries in the antifield-BRST setting is based on the 
observation that if a deformation of the classical theory can be consistently 
constructed, then the solution to the master equation for the initial theory 
can be deformed into the solution of the master equation for the interacting 
theory 

S = S + gSi + g^S2 + 0{g'), e{S)=0, gh (5) = 0, (37) 

such that 

{S, S) = 0. (38) 

Here and in the sequel e (F) denotes the Grassmann parity of F. The pro- 
jection of (1371) on the various powers of the coupling constant induces the 
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following tower of equations: 
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,0 



(5,5) = 0, 
(^i,^) = 0, 

i(5i,5i) + (52,5)=0, 

(^l,^2) + (53,5)=0, 

^(52,52) + (5l,53) + (54,5)=0, 



(39) 
(40) 

(41) 

(42) 

(43) 
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The first equation is satisfied by hypothesis. The second equation governs 
the first-order deformation of the solution to the master equation {Si) and it 
shows that 5*1 is a BRST co-cycle, sSi = 0. This means that 5*1 pertains to 
the ghost number zero cohomological space of s, (s), which is generically 
non-empty because it is isomorphic to the space of physical observables of 
the free theory. The remaining equations are responsible for the higher- 
order deformations of the solution to the master equation. No obstructions 
arise in finding solutions to them as long as no further restrictions, such 
as spatiotemporal locality, are imposed. Obviously, only nontrivial first- 
order deformations should be considered, since trivial ones (5*1 = sB) lead to 
trivial deformations of the initial theory and can be eliminated by convenient 
redefinitions of the fields. Ignoring the trivial deformations, it follows that 
Si is a nontrivial BRST-observable, Si G (s). Once that the deformation 
equations P0l) - P3l) . etc., have been solved by means of specific cohomological 
techniques, from the consistent nontrivial deformed solution to the master 
equation one can extract all the information on the gauge structure of the 
resulting interacting theory. 

4 Main results 

The aim of this paper is to investigate the consistent interactions that can 
be added to the action ([1]) without modifying either the field/ghost /antifield 
spectrum or the number of independent gauge symmetries. This matter is ad- 
dressed in the context of the antifield-BRST deformation procedure described 
in the above and relies on computing the solutions to the Eqs. fH0l) - P3|) . 
etc., from the cohomology of the BRST differential. For obvious reasons. 
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we consider only smooth, local, and manifestly covariant deformations and, 
meanwhile, restrict to Poincare-invariant quantities, i.e. we do not allow 
explicit dependence on the spatiotemporal coordinates. The smoothness of 
deformations refers to the fact that the deformed solution to the master equa- 
tion, fl37|) . is smooth in the coupling constant g and reduces to the original 
solution fl5B]) in the free limit {g = 0). Moreover, we ask that the deformed 
gauge theory preserves the Cauchy order of the uncoupled model, which en- 
forces the requirement that the interacting Lagrangian is of maximum order 
equal to two in the spatiotemporal derivatives of the fields at each order in 
the coupling constant. Here, we present the main result without insisting on 
the cohomology tools required by the technique of consistent deformations. 
All cohomological proofs that lead to the main result are assembled in two 
appendices. The first one deals with the construction of the general form of 
the first-order deformation of the solution to the classical master equation 
and the second investigates the higher-order deformations. As it is shown 
in the end of Appendix there appear two distinct solutions to fl38|) that 
exclude each other. 

The first type of deformed solution to the master equation fl55]) that is 
consistent to all orders in the coupling constant stops at order one in the 
coupling constant and reads as 



where S is given in (136|) in D = 5. This case is not interesting since it 
provides no cross-couplings between the vector field and the tensor field with 
the mixed-symmetry (3,1). It simply restricts the free Lagrangian action 
([1]) to evolve on a five- dimensional space-time and adds to it the second 
term on the right-hand side of (1441) . without changing the original gauge 
transformations ([2])^(11D and, in consequence, neither the original Abelian 
gauge algebra nor the reducibility structure. 

The second type of full deformed solution to the master equation fl38l) 
ends at order two in the coupling constant and is given by 




(44) 



S 




) 



(45) 
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We observe that this solution 'hves' also in a five-dimensional space-time, 
just like the previous one. From fl45l) we read all the information on the 
gauge structure of the coupled theory. The terms of antighost number zero 
in fj45|) provide the Lagrangian action. They can be equivalently organized 
as 

So [tx,u\a, A,] = Si [tA^H"] - ^ / ^M-^'^"' (46) 
in terms of the deformed field strength 

F'" = + (47) 

where \tx^u\Q\ is the Lagrangian action of the massless tensor field tx^i,\a 
appearing in ([1]) in D = 5. We observe that the action (H6|) contains only 
mixing- component terms of order one and two in the coupling constant. The 
piece of antighost number one appearing in (145!) gives the deformed gauge 
transformations in the form 

l,^A^ = d^e + Age^^p^sd'^e''^'. (49) 

It is interesting to note that only the gauge transformations of the vector 
field are modified during the deformation process. This is enforced at or- 
der one in the coupling constant by a term linear in the antisymmetrized 
first-order derivatives of some gauge parameters from the (3, 1) sector. At 
antighost numbers strictly greater than one (H5|) coincides with the solution 
( |36|) corresponding to the free theory. Consequently, the gauge algebra and 
the reducibility structure of the coupled model are not modified during the 
deformation procedure, being the same like in the case of the starting free 
action ([T]) with the gauge transformations ([3])-(ll]). It is easy to see from (H^ 
and P8l) - fj49l) that if we impose the PT-invariance at the level of the coupled 
model, then we obtain no interactions (we must set g = in these formulas). 

It is important to stress that the problem of obtaining consistent interac- 
tions strongly depends on the spatiotemporal dimension. For instance, if one 
starts with action ([T]) in D > 5, then one inexorably gets S* = S", so no term 
can be added to either the original Lagrangian or its gauge transformations. 
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5 Conclusion 

In this paper we have discussed a cohomological approach to the problem 
of constructing consistent interactions between a single massless tensor field 
t\fj.^\a with the mixed symmetry (3, 1) and one vector field. Under the gen- 
eral assumptions of smoothness of the deformations in the coupling constant, 
locality, (background) Lorentz invariance, Poincare invariance, and preserva- 
tion of the number of derivatives on each field, we have exhausted all the 
consistent, nontrivial couplings. Our final result is rather surprising since it 
enables nontrivial cross-couplings between these types of fields in five dimen- 
sions and also allows the deformation of the gauge transformations of the 
vector field. Although the cross-couplings break the PT invariance and are 
merely mixing-component terms, still this is the first situation encountered 
so far where there exist nontrivial deformations involving mixed-symmetry 
tensor fields complying with the hypothesis on the preservation of the num- 
ber of derivatives on each field. If we relax this condition, it is possible that 
other interactions become consistent as well. 
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A First-order deformation 

Here, we determine the most general form of the first-order deformation of 
the solution to the master equation that complies with all the hypotheses ex- 
posed at the beginning of Sec. H] (smoothness in the coupling constant, local- 
ity, Lorentz-covariance, Poincare invariance, and preservation of the Cauchy 
order of the uncoupled model). In view of this, we initially compute the main 
cohomological ingredients necessary at the construction of the local cohomol- 
ogy of the BRST differential at ghost number zero. If we make the notation 
Si = J d^xa, with a a local function, then the local form of the Eq. fl40p . 
which we have seen that controls the first-order deformation of the solution 
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to the master equation, becomes 



sa = d^m'', gh (a) = 0, e (a) = 0, (50) 

for some local m^, and it shows that the non- integrated density of the first- 
order deformation pertains to the local cohomology of s at ghost number 
zero, a G {s\d), where d denotes the exterior differential in space-time. In 
order to analyze the above equation, we develop a according to the antighost 
number 

a = ^afc, agh(afc) = A;, gh (ofc) = 0, e{ak) = 0, (51) 

fc=0 

and assume, without loss of generality, that the above decomposition stops 
at some finite value of the antighost number, /. By taking into account the 
splitting f|T8l) of the BRST differential, the Eq. (|50|) is equivalent to a tower 
of local equations, corresponding to the different decreasing values of the 
antighost number 

7a/ = d^m , (52) 
5ai + 7a/_i = m , (53) 
6ak + 7afc_i = m , /-1>A;>1, (54) 

where ^ are some local currents with agh ^ = k. It can be 

proved that we can replace the Eq. (!52|) at strictly positive antighost numbers 
with 

7a/ = 0, agh (ai) = I > 0. (55) 

The proof can be done like in the Appendix A, Corollary 1 from [31], with 
the precaution to include in an appropriate manner the vector field sector. 
In conclusion, under the assumption that / > 0, the representative of highest 
antighost number from the non-integrated density of the first-order deforma- 
tion can always be taken to be 7-closed, such that the Eq. fl50|) associated 
with the local form of the first-order deformation is completely equivalent to 
the tower of equations fl53|) - fl5^ and fl55|) . 

Before proceeding to the analysis of the solutions to the first-order de- 
formation equation, we briefly comment on the uniqueness and triviality of 
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such solutions. Due to the second-order nilpotency of 7 (7^ = 0), the solu- 
tion to the top equation, (^S^, is clearly unique up to 7-exact contributions, 
aj —>■ aj + 76/. Meanwhile, if it turns out that aj reduces to 7-exact terms 
only, aj = 'jbi, then it can be made to vanish, a/ = 0. In other words, 
the nontriviality of the first-order deformation a is translated at its highest 
antighost number component into the requirement that aj G (7) , where 
(7) denotes the cohomology of the exterior longitudinal derivative 7 at 
pure ghost number equal to /. At the same time, the general condition on the 
non-integrated density of the first-order deformation to be in a nontrivial co- 
homological class of {s\d) shows on the one hand that the solution to (!50!) 
is unique up to s-exact pieces plus divergences and on the other hand that if 
the general solution to (|5UI) is found to be completely trivial, a = sb + d^n^, 
then it can be made to vanish, a = 0. 

A.l Basic cohomologies 

In the light of the above discussion, we pass now to the investigation of the 
solutions to the Eqs. fl55|) and fl53|l - fl5^ . We have seen that the solution 
to (jSSD belongs to the cohomology of the exterior longitudinal derivative, 
such that we need to compute H (7) in order to construct the component of 
highest antighost number from the first-order deformation. This matter is 
solved with the help of the definitions (fT9|) - (!2^ . As it has been shown in 
[31], the most general, nontrivial representative from H (7) in the t-sector is 
written like 

a\ = ai ( [n*W^] , [i^AM^eia/s] ) (^A^.a, C.) , / > 0, (56) 
where we employed the notation 

In the above n*^*^^ denote the antifields from the t-sector, the notation / ([5]) 
means that the function / depends on the variable q and its subsequent 
derivatives up to a finite number, and u)^^^^ are the elements of pure ghost 
number / (and obviously of antighost number zero) of a basis in the space 
of polynomials in T\p,ya and Cy^ which is finite-dimensional since all these 
variables anticommute. (The spatiotemporal derivatives of T\p,va and Cy 
have been shown in [31] to be 7-exact and the same is valid with respect to 
the derivatives of the ghosts for ghosts for ghosts Cy. Regarding the ghosts 
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for ghosts C^i, and C^a, in the same paper we have proved that there is 
no hnear combination of these undifferentiated ghosts in H (7) and all the 
elements from H (7) involving their derivatives are 7-exact.) At the level of 
the vector theory, all the corresponding antifields, the Abelian field strength 
([2]), and their spatiotemporal derivatives are nontrivial objects from (7), 
while the non-differentiated ghost rj is the sole nontrivial element from H (7) 
at strictly positive values of the pure ghost number. (Its spatiotemporal 
derivatives of any order are 7-exact, according to the second definition in 
( IT9|l .) Combining (l56l) with the above argument, we can state that the most 
general, nontrivial representative from H (7) for the overall theory ([1]) reads 
as 



aj = aj{ [n*^] , [Kx^^^i^fs] , [F^,]) 00' (^A^.a, V, C.) , ^ > 0, (58) 



where here 11*^ denote all the antifields and are now the elements of pure 
ghost number / (and obviously of antighost number zero) of a basis in the 
space of polynomials in J-'x^^a, (which is again finite-dimensional). 

The objects a/ (obviously nontrivial in (7)) were taken to have a bounded 
number of derivatives, and therefore they are polynomials in the antifields 
n*^, in the curvature tensor Kx^u^\ai3, in the field strength F^i,, and in their 
derivatives. They are required to fulfill the property agh («/) = J in order to 
ensure that the ghost number of a/ is equal to zero. Due to their 7-closeness, 
aj will be called "invariant polynomials". At zero antighost number, the 
invariant polynomials are polynomials in the curvature Kxfj.u^\ai3, in the field 
strength Ffj_^, and in their derivatives. 

Replacing the solution fl58l) into the Eq. fl53l) and taking into account 
the definitions fl2Sl) - fl5Ul) . we remark that a necessary (but not sufficient) 
condition for the existence of (nontrivial) solutions aj_i is that the invariant 
polynomials aj are (nontrivial) objects from the local cohomology of the 
Koszul-Tate differential H {6\d) at antighost number J > and pure ghost 



The above notation is generic, in the sense that aj and j may actually 

^We recall that the local cohomology H {S\d) is completely trivial at both strictly 
positive antighost and pure ghost numbers (for instance, see [32j . Theorem 5.4, [33j . 



number equal to zerc0, i.e.. 



{/-if 

Sai = d^ j , agh 




(59) 



(7-lf 



and [34]). 
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carry supplementary Lorentz indices. Consequently, we need to investigate 
some of the main properties of the local cohomology of the Koszul-Tate 
differential H {6\d) at pure ghost number zero and strictly positive antighost 
numbers in order to fully determine the component a/ of highest antighost 
number from the first-order deformation. As the free model under study 
is a hnear gauge theory of Cauchy order equal to four, the general results 
from [221 E3] (also see [ISl ESI ES] ) ensure that H {6\d) (at pure ghost number 
zero) is trivial at antighost numbers strictly greater than its Cauchy order 

Hi {6\d) = 0, / > 4. (60) 

Moreover, if the invariant polynomial «/, with agh («/) = / > 4, is trivial in 
Hj {S\d), then it can be taken to be trivial also in Hf" {S\d) 

(if \ (if 

ai = Sbi+i + df,c , agh (aj) = / > 4 ^ aj = Spj+i + 9^ 7 , (61) 



(if 

with Pj^i and 7 invariant polynomials. [An element of Hf^^ {^\d) is defined 
via an equation similar to (!59l) . but with the corresponding current also an 
invariant polynomial.] The result (16T]) can be proved like in the Appendix 
B, Theorem 3, from [3T], up to the observation that the vector field sector 
must also be considered. This is important since together with (160|) ensures 
that the entire local cohomology of the Koszul-Tate differential in the space 
of invariant polynomials (characteristic cohomology) is trivial in antighost 
number strictly greater than four 

iTf- {S\d) =0, / > 4. (62) 

Looking at the definitions fl52]) involving the transformed antifields flHT]) and 
taking into account the formulas fl2S]) - fl25]) with respect to the vector field 
theory, we can organize the nontrivial representatives of Hj {S\d) (at pure 
ghost number equal to zero) and of (^Hf" (5\d)) in the following array 



agh 



nontrivial representatives 
spanning Hj {6\d) and H'r {S\d) 
J > 4 none , . 

/ = 3 C'*"'^ 

1 = 2 gi*H»^j^* 
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We remark that in {Hj iS\d))j^^ or (iff^ i^\d)) i>2 ^^ere is no nontrivial ele- 
ment that effectively involves the curvature tensor ii'A/ii^^ia/?; the field strength 
F^iy, and/or their derivatives, and the same stands for the quantities that are 
more than linear in the antifields and/or depend on their derivatives. It is 
also important to note that the vector field sector brings no contribution to 
{Hj {6\d))j^^. In contrast to the groups {Hj {6\d))j^2 [Hy^'' {6\d)) 
which are finite-dimensional, the cohomology Hi {6\d) at pure ghost number 
zero, that is related to global symmetries and ordinary conservation laws, is 
infinite-dimensional since the theory is free. 

The previous results on H {6\d) and iJ™^ {S\d) at strictly positive antighost 
numbers are important because they control the obstructions to removing 
the antifields from the first-order deformation. Indeed, due to fl62|) . it follows 
that we can successively eliminate all the pieces with / > 4 from the non- 
integrated density of the first-order deformation by adding only trivial terms 
(the proof is similar to that from the Appendix C in modulo the inclusion 
of the vector field sector), so we can take, without loss of nontrivial objects, 
the condition / < 4 in the decomposition (!5T]) . The last representative is 
of the form (l58|l . where the invariant polynomial is necessarily a nontrivial 
object from if™^ {^\d) for / = 2, 3, 4 and respectively from Hi {6\d) for / = 1. 

A. 2 Computation of first-order deformations 

Now, we have at hand all the necessary ingredients for computing the general 
form of the first-order deformation of the solution to the master equation as 
solution to the local equation (l50l) . In view of this, we decompose the first- 
order deformation like 

a = a* + + a*"^, (64) 

where a* denotes the part responsible for the self-interactions of the field 
txfj.u\a, 0,^ is related to the deformations of the vector field, and a*~^ signifies 
the component that describes only the cross-couplings between tx^^^a and 
the vector field. Obviously, the Eq. flSU]) becomes equivalent with three 
equations, one for each component 

sa* = dfj,m'^, sa^ = 9^m^, sa^~'^ = (9^m(^_^. (65) 

The solutions to the first equation have been studied in [31] and were proved 
to be trivial 

a* = 0. (66) 
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The solutions to the second equation have been investigated in [371 EH] • If 
we select among them only the nontrivial solutions in D > 5 space-time 
dimensions containing at most two derivatives of the vector field, then we 
are left with one candidate living precisely in D = 5 

= ^SD5e'''"'''F,,F,,A^, (67) 

with c an arbitrary, real constant. 

In order to solve the third equation in ( l65l) we decompose a*""^ along the 
antighost number like in (!5T]) and stop at / = 4 

a*-A = al^ + a*f ^ + a*-^ + al^ + 4"^, (68) 

where 04^"^ can be taken as solution to the equation 704""^ = 0, and there- 
fore it is of the form fl58l) for / = 4, with an invariant polynomial from 
i/^^ {6\d). Because Hl''^ {6\d) is spanned by C*" (see and a*"^ must 

yield cross-couplings between txfj.u\a and with maximum two spatiotem- 
poral derivatives, it follows that the eligible basis elements at pure ghost 
number equal to four remain uj^{J^\^ua^V^Cy) = Cf^ir], so we have (up to 
trivial, 7-exact contributions) that 

= ciC*''C^r]. (69) 

Replacing 04"^ into an equation similar to (1531) for / = 4 and computing 
6a^^^, it follows that 

^t-A ^ ^^c'*^. (c;,r/ + 6A,C.) . (70) 

In the right-hand side of (1701) one should add 03"^ as solution to the 'homoge- 
neous' equation 703"'^ = 0. In this particular case one has a]^^ = because 
there are no basis elements {^\^ua, ^u) enabling cross- couplings with at 
most two derivatives in the corresponding Og"^. Indeed, such elements must 
include precisely one fermionic ghost r] since -ff™^ (<^M) is spanned only by 
antifields from the t-sector, and therefore they are forced to be quadratic in 
the combination Tx^va defined in f l57|) . A simple estimation shows that even 
if consistent, the associated Oq"^ would contain three derivatives of the fields, 
which is unacceptable. Acting with 5 on (1701) we arrive at 

ba\-^ = 7 [-ci^-'^^ll" (^;,||„r^ - A[,,C;]J] + 6ci^'*'^^ll"F^,C„ + dX-A- 

(71) 
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Comparing (17T]) with an equation of the form fl54p for A; = 3, we infer that 
a2~^ exists if and only if the second term in the right-hand side of (|7T]1 can 
be written in a 7-exact modulo d form. However, this is impossible since 
this term is a nontrivial element from (7) that cannot be represented in a 
divergence-hke form. Consequently, we must set ci = in (I69l) - (l70l) . so a*'~^ 
can stop earliest at antighost number two. 
In this case we have that 

a^-A = + a\-^ + a'f^. (72) 

Here, a^"^ is solution to the equation 703"^ = 0, and thus of the type fISS]) for 
1 = 2, with a2 an invariant polynomial from H^^ {6\d). The basis elements 
u'^ at pure ghost number two are in this case spanned by J-'xfj.va^XfjLva and 
^X/iuaV- The former is forbidden by the hypothesis on the maximum number 
of derivatives in al~^ being equal to two (if consistent, then it would produce 
an ctg"^ with three derivatives), so only the latter is allowed. Inspecting next 
the formula fl63l) at / = 2, we remark that although this is the first place 
where an antifield from the vector sector may appear, it is impossible to 
construct a Lorentz scalar in D > 5 dimensions by 'gluing' rj* to J-'x^iuaV- la- 
this way we remain with two possible pieces in a\~^ 

= {5mC2ex^ua(3^5G'*^''^^' + 5d5C3£a«/37<56^'*'^"'^m0 ^'^^''v, (73) 

where Sdu is the Kronecker symbol. Substituting the above a^2~^ i^^o 
equation similar to (!53|) for J = 2 and computing 6a^2~^^ results that 

= [6D7jex^.ap^st*^''''^' + 6D,c,exap^5t*'^)[{d^''tf'^^^^^^ 

-SAeJ^""^''^] + d\-^, (74) 

where a\~^ is the general solution to the 'homogeneous' equation 70*"^ = 
0. The solution a\~^ requires special attention since although it is still of 
the form flSSl) with / = 1, the corresponding invariant polynomial ai is no 
longer restricted to belong to if™^(5|(i); it pertains to the larger, infinite- 
dimensional space Hi {6\d). However, if we select from (!58|) with 7=1 the 
representatives that comply with all the requirements, like the restrictions 
on the dimension of the space-time, on the maximum number of derivatives 
in the corresponding Oq"^, and on the interaction vertices to generate cross- 
couplings between the two types of fields (and not self- interactions), then we 
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obtain just two independent contributions 

where Fx^ is the field strength of the vector field, ([2]). Applying 6 on (1711) 
and taking into account fl75l) we arrive at 

_3^^^a/375] ^ c,T^>^Fx^v- (76) 

Comparing fl76l) with an equation similar to fl5^ for A; = 1 it is now clear that 
clq^^ exists if and only if the last terms in the right-hand side of fl76l) can be 
written in a 7-exact modulo d form. Moreover, the terms proportional with 
C2, C3, and respectively C4 must individually satisfy a 7-exact ness modulo d 
condition. This is because the first two kinds of terms involve Levi-Civita 
symbols in different dimensions, the third type contains no such symbol, 
and the definitions (fT9!) - (l2^ of 7 acting on the fields/ghosts are also free of 
Levi-Civita symbols. This means that the equations 

700;^ -5/."^t-Ac2, (77) 
5D5C3exaf3ysT'^ [{d^'^ t^^'^^^) ae,v - SAeJ^'^^^'] = 7^^-^ - dX^j^^s^ (78) 

c,T"^Fx,v = lal-^ - dX-Ac, (79) 

are necessary and sufficient in order to ensure the existence of clq'^- However, 
it can be shown that neither of the quantities from the left-hand sides of (177|) ~ 
( !79|) can be set in a 7-exact modulo d form. The proofs are given below. 

We assume that al~^ as solution to the Eq. (177|) exists. Then, from the 
left-hand of this equation combined with the formula fll9l) and the second 
relation from fl20l) it follows that it can be represented as a sum of terms, each 
of them being hnear in the vector field, quadratic in tx^u\a, and containing 
exactly two spatiotemporal derivatives. Up to irrelevant, total divergences, 
we can always move the derivatives such as to act only on the t-fields 

a*o~^ = C25B7A^/t {dtdt, tddt) , (80) 
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where f{^^ is linear in its arguments and contains one seven-dimensional Levi- 
Civita symbol. Acting with 7 on (ISUi) . we deduce 



7«o;. = -C26D7[dJLidtdt,tddt)]r] + C26D7A^^f{;jdtdt,tddt) 

+d,[c25D7f{:Adtdt,tddt)'n]. (81) 



Comparing the first term from the right-hand side of flHTjl with the first 
term from the left-hand side of fl77l) . we obtain a necessary condition for the 

t-A 

0C2 



existence of a* ^ 



ex^.uap^sT^'"'^'d^''t^'''^^''(Tep = d,M>^. (82) 
By direct computation we have that 

+d, (4£A€.a/375t'^"'"'^^5'"t''^"Vep) , (83) 

where we used the generic notation A;^^ = dk/dx^. Obviously, the condition 
(!82|) does not hold since the first term in the right-hand side of ( !83|) does 
not reduce to a total divergence. As a consequence, (177|) is satisfied only for 
the trivial choice C2 = 0. Passing to the next equation, (175]1 . an absolutely 
similar argument leads to the conclusion that a necessary condition for the 
existence of Oq""^ is 

e^^p,sT'^d^''t^^'^^'<yep = d,m, (84) 
which again is not satisfied since 

a'^H^'^Ut'^^) - Qa'^n^''ded'~<t^'^] ] , (85) 

and the first two terms in the right-hand side of (155]) do not reduce to a full 
divergence. In conclusion, fl78|) takes place only for C3 = 0. Suppose now 



that a^Q^^ as solution to the Eq. fl79|) exists. The definition f|T9l) yields that 
it can be represented as a sum of terms, each of them being quadratic in 
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the vector field, linear in tx^j_y\a, and containing exactly two spatiotemporal 
derivatives. Moreover, each term may depend on t\^y\a only through gauge- 
invariant combinations since otherwise 700^/' would imply ghosts of pure 
ghost number one from the t-sector, which is forbidden by the expression of 
the left-hand side of fl79|) . But the most general, gauge- invariant quantities 
built out of t\fj_y\a with precisely two derivatives are proportional with the 
components of the curvature tensor f[T^ . Consequently, we can write (up to 
insignificant, full divergences) that 



a, 



= cK'^'^^^-^AeA.f^ (86) 



where / x^upap some non-derivative constants, symmetric in their up- 
per indices. Acting with 7 on flHB]) . replacing the resulting expression in 
( !79|l . recalling that /^^ \p.vpap cannot include Levi-Civita symbols (due to 
the Bianchi I identities for the curvature tensor), and using the relations 

= ^AzJ^K^t^M^f'appa^o.. dxT^^ = 0, (87) 

combined with the Bianchi II identities (fT3l) . we obtain that (1791) is satisfied 
if and only if C4 = 0. 

Based on the last results (setting C2 = C3 = C4 = in (!72|) - (176|l ) we can 
state that a*~^ actually stops at antighost number one 



a'-^ = + al^, (88) 



with 



a\-^ = 5D5C5£Aa/375v4*^^"'375, (89) 

al^ = -^5D5W7^^''9[^t-^^llV,p + 4-^, (90) 
where Oq^^ is the general solution to the 'homogeneous' equation 

(0)'" 

74"^ = dpm,,^. (91) 
We stress that here, at antighost number zero, we cannot replace the equation 

(0)^ 

7aQ = dpm^_^ with the simpler one 705 = as we did before at strictly 
positive values of the antighost number. For details, see Corollary 1 from the 
Appendix A in 



23 



Next, we investigate the solutions to fl9ip . There are two main types 

/t- 





of solutions to this equation. The first type, to be denoted by a'* ^ 



{of 

sponds to m^_A = and is given by gauge- invariant, non-integrated densities 
constructed out of the original fields and their spatiotemporal derivatives, 
which, according to (155]) . are of the form Oq"^ = Aq"^ ( [-^A^ti/^la/?] , [-^^i^])) 
up to the condition that they effectively describe cross-couplings between 
the two types of fields and cannot be written in a divergence- like form. Such 
a solution implies at least three derivatives of the fields and consequently 
must be forbidden by setting Oq"^ = since it breaks the hypothesis on the 
maximum derivative order. 

(0)^ 

The second kind of solutions is associated with m^._^ 7^ in (I?!]) , being 
understood that we discard the divergence-like quantities and maintain the 
condition on the maximum derivative order of the interacting Lagrangian 
being equal to two. In order to solve this equation we start from the require- 
ment that flg"^ may contain at most two derivatives, so it can be decomposed 
like 

a^-^ = cJo + cui + UJ2, (92) 

where {uJi)-^-Q2 contains i derivatives. Due to the different number of deriva- 
tives in the components uq, cui, and 002, the Eq. (p2|) is equivalent to three 
independent equations 

7^fc = 9^j^ A; = 0,1, 2. (93) 
For k = the Eq. implies the (necessary) conditions 

^^)-' ^^■(^)-' me)-' 

whose solutions read as 

#^ = 0, 1^ = 0, (96) 

so Uq provides no cross-couplings between tA/^i/ia and A^, and therefore we 
can take 

Uo = (96) 

in fl92|) . The solution to the more general equations f|T6l) is of the form ([T7|) . 
but it does not apply to the first two equations in flMl) as doj^/ dtx^u\a are 
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by hypothesis derivative-free. The same observation is vahd with respect 
to the equation d^^M^ = 0, whose solution reads as M^^ = di^N'^^, with 
N'^'^ antisymmetric, so it cannot enter the second solution from fj95|) since 
duJo/dAfj^ has no derivatives. 

For k = 1 the Eq. (|93|) leads to the requirements 



where buoxj bt\^jt_v\a denote the Euler-Lagrange derivatives of ijJ\. Because ujx is 
by hypothesis of order one in the spatiotemporal derivatives of the fields, the 
arguments presented in relation with the case = provide the solutions 

0, 1^ = 9.5-, (98) 



where the antisymmetric functions B^^ have no derivatives. The first solution 
forbids the cross-couplings between the two types of fields, allowing only the 
self-interactions of the vector field with precisely one derivative, so we can 
safely take 

cji = 0. (99) 
We pass now to the Eq. (193|) for k = 2, which produces the restrictions 

whose solution, by virtue of the discussion made at the case k = 0, is 



d^dpU^'^-'P^'^f, —1 = 9,$'^^ (101) 

where f/-*''^'^/'!"^ has the mixed symmetry of the curvature tensor ( fT2l) and has 
no derivatives, while ^"'^ is antisymmetric and comprises one spatiotemporal 
derivative of the fields. At this stage it is useful to introduce a derivation in 
the algebra of the fields and of their derivatives, which counts the powers of 
the fields and their derivatives 
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so for every non-integrated density x we have that 

Nx = txH^T^ + + d.s'^. (103) 

If x^') is a homogeneous polynomial of order / > in the fields {t\^y\a, A^^ 
and their derivatives, then Nx^^'^ = Ix^^^ ■ Using fllOip and fllOSp . we find that 

Nu2 = ^i^AM.pla/^f/"^'^'''"^ - \f^u^^^ + d.v'^. (104) 
o Z 

We expand uj2 according to the various eigenvalues of like 

Z>0 

where Nu'^^ = luJ2 \ such that 

iVcj2 = (106) 

l>0 

Comparing (11041) with (11061) . we reach the conclusion that the decomposition 
(11051) induces a similar decomposition with respect to JJ^^'^^^"'^ and ^^'^ 

IjXl^^plafS ^ J2 Ull'_^'l'^''\ ^'^'^ = ^ ^J':,). (107) 
Z>0 i>0 

Substituting (I107P into (I104p and comparing the resulting expression with 
(I106p . we obtain that 

Introducing (11080 in (llOSp . we arrive at 

UJ2 = Kx.uplapU'^"'^'''' + F^,*'^^ + d,V^, (109) 

where 

f^A,.p,„, ^ ^ if/jr^f ^ ^^^ = -j2 (110) 

l>0 l>0 



26 



Applying 7 on fllU9p . after long and tedious computations we infer that a 
necessary condition for the existence of solutions to the equation '-)UJ2 = d^j2 
is that the functions IJ^i^'^p\°'P and ^^'^ entering fllOQp have the expressions 

where C'^m^'p;"/?;'^ and k^'^'p■'»l^r^ 

are non- derivative constants, antisymmetric 
in the indices followed by or between semicolons. Substituting fill II) in (11091) 
we deduce 

^2 = C^^'''''''"'''''K,^Mc^f,A^ + dp {Fpuk'"''-'''^^-'h^p,\x + v^) . (112) 

Applying once more 7 on (11121) . we find that the equation 7^72 = <9^j2 holds 
if and only if 

^AM.p;a/3;.^^^^^^^l^^ = 0. (113) 

Taking into account the fact that the only vanishing combinations con- 
structed from the first-order derivatives of the curvature tensor are the Bianchi 
II identities (|T3|) and their traces, we find that the constants C^p-^'^''^^''" must 
simultaneously ensure (I113P and also a non- vanishing term in (I112p . In D > 5 
dimensions there are no such constants, so we must take C^p^P''^^'" = 0. 
Eliminating the (trivial) divergence from (11121) . we can state that 

UJ2 = 0. (114) 

Replacing ([96D, ([99]), and ffTTij) in ([92]), we finally have that 

4"^ = (115) 



in ([90]). 

Inserting now the results fl89l) - fl9Q]) and (11151) in the relation ([88]) and the 
resulting expression together with f[66]) and ([67]) into the formula ([6^ . we 
obtain that the most general form of the first-order deformation associated 
with the free theory ([T]) is given by 



5i = / d^xe 



j5™ ^XfiupK 



^5 (^A*X^pupn — g-pAp^^iypKlleCr"^^ 



+ 2 . /^i^^p^'^P^'^ 



(116) 

being parametrized by just two real (and so far arbitrary) constants. 
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B Higher-order deformations 



In the sequel we approach the higher-order deformation equations. The 
second-order deformation is controlled by the Eq. (14T!) . whose solution, on 
behalf of the result flll6p , is expressed by 



5*2 
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Using flll6l) - flll7p in (142|) we infer the third-order deformation as 



(117) 



-ccl I d^xe^"""^ 

2 
3 



;ii8) 



Substituting the expressions (I116p - flll8l) into the Eq. (B3|) . we obtain the 
equivalent relation 



+s 



0. (119) 



If we make the notations 84^ = f d^x b, 



64cc^ (2t*^^^"^^^^ (120) 



and 



4 
— ( 

9 



b = b. 



-ccl - 32c,tl^F''^r] 

then (1119p takes the local form 

A + df,w^ + sb = 0, 

with 

gh (A) = 1, gh (b) = 0, gh (w^) = 1. 



(121) 

(122) 
(123) 
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From (11201) we see that A decomposes like 



A = Ao + Ai, agh(A,)=^, ^ = 0,1, (124) 

with 

Ao = -64cc^%t„^^],e'a^'«'%t^5,]|ea''V'^''^"^^^ (125) 

Ai = \2%cc\t\^T^-f'^T^ (126) 

Employing the decomposition ( JTSll of the BRST differential and fll24p . it 
results that in (11221) we can take (without loss of generality) h and to 
stop at antighost number two 

h = bo + bi + h, agh {bi)=i, i = 0,1,2, (127) 
w^" = w^ + w'^ + w!^, agh(u7f) = z, z = 0,l,2. (128) 

By projecting the Eq. (I122p on the various values of the antighost number, 
we infer an equivalent tower of equations 

= ih + d^w!^, (129) 
Ai = -(6b2 + ih)-d^w'^, (130) 
Ao = -(56i+7&o) (131) 

According to the general result from Corollary 1, Appendix A in [31], we can 
always replace fll29p with the simpler equation 

762 = (132) 

and take the current w'^ from (I128p to stop at antighost number one, W2 = 0. 
Looking at (I126p . we can state that both 62 and 61 must contain only BRST 
generators from the (3, 1) sector. The solution to (11320 results from (156|) at 
antighost number 1 = 2. However, there is no a priori reason to consider the 
corresponding invariant polynomial entering 62 to pertain to H2 {6\d). On 
the other hand, (11260 emphasizes that in order to render 62 to contribute 
nontrivially to Ai through the Eq. (11300 . it is necessary that the above 
mentioned invariant polynomial contains only the antifields G'*^^^^'^a^u (and 
neither products of two antifields t*-^^'^!" nor the curvature tensor -f^A^ii/gia/?)- 
Due to the fact that ^'*^^ll''cr^v belongs to if^"'' (5|(i), it follows that we have 
reduced the problem of solving the Eq. (11320 to the corresponding problem 
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from the case of constructing self-interactions for the tensor t\^j_y\a. As it has 
been shown in [3T] under the same hypotheses hke those employed here, the 
solution to (11321) reads 

h = 0, (133) 

so the Eq. (11301) takes the form 

Ai = - d^w^. (134) 

The formula (11261) emphasizes that Ai is a nontrivial co-cycle from H{'y), 
which does not reduce to a 7-exact modulo d term, such that we must take 
its coefficient to vanish 

ccl = 0. (135) 

So far, we have shown that the existence of 6*4 as solution to the Eq. (11191) 
requires the condition (I135p . 

There appear two main cases related to the solutions of (I135p . If we take 

C5 = (136) 

and leave c to be an arbitrary, real constant (for definiteness, we fix this 
constant to unity, c = 1), then from (11191) it follows that we can set 

^4 = 0. (137) 

In the meantime, from (I117l) - (lll8p we get that 

^2 = = Ss. (138) 

The results (I137p and (11381) ensure that we can actually take all the other 
higher-order deformations to vanish, 

Sk = 0, k>A. (139) 

In this situation (I116p and (11360 produce the first-order deformation like 

d'xe^'''""'Fx,F.pA.. (140) 

The second possibility is to work with 

c = (141) 
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and take C5 to be an arbitrary real constant (for definiteness, we fix tliis 
constant to unity, C5 = 1). Consequently, from flll8l) - flll9p we find that 



Sk = 0, k>3. (142) 

The first- and second-order deformations result from (11161) and (I117p where 
we set (11411) and C5 = 1, and take the form 

51 = jd'^xe'^'''P^(^AlJ^^,p,-'^Fx,d[^t,p^^^ecr'^y (143) 

52 = ^-^ j d''x{dy^t,,,^\eo'^)d^U''P^^\''ae>t. (144) 

Formulas fll37l) - fll40p lead to the full deformed solution of the classical mas- 
ter equation as in flH|) . Similarly, relations (I142p - (ll44p yield the overall 
deformed solution of the form (H5|l . 
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